
 Primeavoidance

Them CPrimeavoidance let J Ii In be ideals in R

Suppose JE Uj Ij If R contains an infinite field
or if at most two of the Ij are not prime then
J is contained in some Ij
If R is graded J is gen by homogeneous elements
of degree 0 and at the Ij are prime then it's

enough to assume the homogeneous elts of J are in UIj

Ncte If I is not contained in any of a finite number of

primes the theorem says there is some xe I that avoids

all the primes hence primeavoidance

Pfottheoremi First suppose R contains an infinite
field Then J is a k vector space so if it's contained
in the union of finitely many subspaces it must be
contained in one of them

Now if at most two Ij are not prime we do induction
on n If h l it's obvious

If J is in any smaller union of the Ij we're done by
induction Thus assume it's in no smaller union so
we can find for each i Xi C J s t Xi C Ii but



Xi of Ij j ti

If n 2 then x x is not in I or Iz which is a

contradiction

If n 2 assume I is prime Then x t xzXs Xu is hot

in my Ij again a contradiction
notin It

In the graded case we use the same proof except raising
Xi to powers chosen so and iz x have the same

degree We need all Ij prime so that powers of xi don't
land in Ij for j i D

This along with the previous theorem implies the following

Lor R Noetherian Mio a finitely generated Rmodule
Let I C R be an ideal Either I contains a
nonzerodivisor on M or I annihilates an element of M

PI If I UP then I contains a nonzerodivisor on M
PeAssm

Otherwise I CP Ann x some x c M D

Now we work on the proof of the theorem in the

previous section First we show the following



Pep R a ring M 0 an R module If I C R is Max't

among ideals of R that are annihilators of elements
of M then I is prime In particular if R is
Noetherian AssM 0

PI Let a be R st abe I Let I ann x

Suppose bet I Then bx 1 0 but a bx O

I a E ann bx By maximality a c I so
I is prime D

Note that this immediately proves part b of the theorem

from the previous section which says

If R is Noetherian 1 zewdivisorsonM o

This also makes it easier to checkwhether or not elements

of a module M are 0 Recall that we showed previously
That ye M O x 0 in Mrm for every Max't ideal MER

But if R is Noetherian we can restrict our attention
to associated primes More precisely

Cer Let M be an R module R Noetherian
If c M then x O 5 3 The image of X is 0 in each



Mp for each of the maximal associated primes P of
M

PI is alreadydone

Suppose x 1 0 Then since R is Noetherian 7 a prime

PoAssM that is max't among annihilators of elts

containing annex Thus M 0 in Mp D

We can now observe how taking associated primes acts
in short exact sequences

Lemmy let R be Noetherian If

u M M M O

is a short exact sequence of R modules then

AssM E Ass ME AssM U AssM

PI The first containment is clear

For the second let PEAssM Assn If P annex

then Rx Rfp

For g c Pyp aj O a EP since P is prime
Thus every nonzero element of Rx also has



annihilator P

Rx NM O Rx is isomorphic to its image
in M Pc Assn D

To finish the proofs of parts a and c of the theorem
in the previous section we now just need the
following

Pep If R is Noetherian and M is a finitely
generated R module then M has filtration

O MoEM E CMn M

w each Mit
µi Mpi for some prime ideal Pi

PI Since R is Noetherian if M 0 AssM is

nonempty let P EAssn so there's a submodule

µ I Pyp Repeatingthis w MIM we get
Mz This process terminates since M is Noetherian.D

Now we conclude our proof Recall parts a and c of
the theorem again underthe assumption that R is

Noetherian and M 0 is fg

a Assn is finite and nonempty each containing Ann M



hey
It includes all primes minimal among those containing
Ann M

c AssM commutes w localization ie if U ER is
multiplicatively closed then

AsspanMCU PRCU II PEAssM and Phu

Pfot If Pe AssM RIP EM PAU 0

localizing we get an injection
Rat Yppcu y C MCU

So since PAU40 PRCUT is still a prime ideal of RCU
so PRCU c AssMCU

Conversely if Q c AssMCU we can write Q PRA t
w P a prime of R and PAU

So we have an injection 4 RCUYppcuy MCU7

Now we use the fact that takingHorn commutes w localization

i e

Claim If A and B are f g R modules then

there's a natural isomorphism



Hompar ACUD Blu D Home A B hi

For the proof of the claim see Prop210 in Eisenbud

so we have Hommayl YpRCu I MCUD EHomp.IRp M fu
Thus Y U f forsome fi Mp M and well

But help so U is a nonzerodivisor on RIP

Thus if a c kerf 4 4 O 7 0 But

no elts of U annihilate a since URP O and P prime

Thus a O f is injective so P cAssM D

Pfota For the finiteness statement we give a

filtration O Mo E CMn M where Mitym IR pi
Pi prime

We prove by induction on n For n l M Mpi
So f EM ax _Of a cPi AsspM Pi

For n I AssM E AssMn U Ass Mpm AssM is finite
9finiteby PnBinduction



Now we just need to show that if P is a prime ideal
minimal over annM PEASSM

By c AssppMp QRp QcAssMand Q EP

But PRP is the only prime in Rp containing annM
and since AssppMp 0 P cAssM D


